Renormalization-group and numerical analysis of a noisy Kuramoto-Sivashinsky equation in 1+1 dimensions (Turbulence phenomena and their reduction from the point of view of dynamical systems) by 上之, 和人 et al.
Title
Renormalization-group and numerical analysis of a noisy
Kuramoto-Sivashinsky equation in 1+1 dimensions
(Turbulence phenomena and their reduction from the point of
view of dynamical systems)
Author(s)上之, 和人; 坂口, 英継; 岡村, 誠








Renormalization-group and numerical analysis of a
noisy Kuramoto-Sivashinsky equation in 1+1
dimensions
(kazuto Ueno)
Department of Computational Science and Engineering,
Graduate School of Engineering, Nagoya University
(Hidetsugu Sakaguchi)
Department of Applied Science for Electronics and Materials,
Interdisciplinary Graduate School of Engineering Sciences, Kyushu University
(Makoto Okamura)
Research Institute for Applied Mechanics, Kyushu University
1
, Kardar-Parisi-Zhang (KPZ) [1] Kuramoto-
Sivashinsky (KS) $[2, 3]$ . KPZ ,
. , $\mathrm{K}\mathrm{S}$ .
. , Yakhot , 1+1 ( $+$ ) $\mathrm{K}\mathrm{S}$
, KPZ ( , $\text{ }$ Burgers )
. [4, 5, 6] ( , Yakhot )
Yakhot , 1+1 $\mathrm{K}\mathrm{S}$ [7, 8, 9, 10].
, (
) ( )
. , 1+1 $\mathrm{K}\mathrm{S}$
, $[7, 9]$ $[8, 10]$ , , $\mathrm{K}\mathrm{S}$ KPZ
. , Zaleski ,
[7, 9, 10]. Sneppen ,
KPZ , KPZ
[8].
, Yakhot [4]. , $\mathrm{K}\mathrm{S}$
, $\mathrm{Y}$ hot
. , L’vov , $\mathrm{K}\mathrm{S}$ ,







, 1+1 KPZ $\mathrm{K}\mathrm{S}$ , $\mathrm{K}\mathrm{S}$ ,
KPZ [14].
Yakhot . $\mathrm{K}\mathrm{S}$ , $\mathrm{K}\mathrm{S}$ KPZ





, $\mathrm{K}\mathrm{S}$ . $\mathrm{K}\mathrm{S}$
, , $\mathrm{K}\mathrm{S}$
$-\wedge$ ([16] Fig 1 ). , $\text{ }$ $\mathrm{K}\mathrm{S}$ KS
. , $[15, 16]$ , $\mathrm{K}\mathrm{S}$
$h$ $\langle h_{k}h_{-k}\rangle$ , $k$ , KPZ $\mathrm{K}\mathrm{S}$
$k^{-2}$ . , [15] ,
, [16] . ,
. $\mathrm{K}\mathrm{S}$ KPZ
, $\mathrm{K}\mathrm{S}$
. , $\mathrm{K}\mathrm{S}$ $\mathrm{R}\mathrm{G}$ flow ,
[17]. KPZ , 1+1
, KPZ .









ht=\mbox{\boldmath $\nu$}hx Khxx $+ \frac{\lambda}{2}(h_{x})^{2}+\eta(x, t)$ , (1)
. , . $h(x, t)$ , $t$ $x$ , $\nu$
, $K$ , $\lambda$ . $\eta(x$ , , ,
$\langle\eta(x, t)\eta(x’, t’)\rangle=\{2D-2D_{d}\frac{\partial^{2}}{\partial x^{2}}\}\delta(x-x’)\delta(t-t’)$. (2)
. $\eta$ ,
$D_{\backslash }D_{d}$ [19]. (2) $D_{d}$ , Cuemo [17]
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.
, $u=-h_{x},$ $f=-\eta_{x}$ , (1) .
$ut=\nu u-xxKuxxxx$ -\lambda uu $f(x, t)$ . (3)
$\lambda=1$ , (3) 1 Navier-Stokes . , $u(x, t)$
1 $[5, 6]$ ,
(3) , $k$ $\omega$ .
$(- \mathrm{i}\omega+\nu k^{2}+Kh^{4})u(k,\omega)=f(k,\omega)-\frac{\mathrm{i}\lambda}{2}k\int_{|p|\leq\Lambda_{0}}\frac{dp}{2\pi}\int_{-\infty}^{\infty}\frac{d\Omega}{2\pi}u(p, \Omega)u(k-p,\omega-\Omega)$ . (4)
, $\Lambda_{0}\equiv\pi/\Delta x$ , $\Delta x=L/N$ . $L$
, $N$ . (2) , $f(x$ , .
$\langle$ $f(k, \omega)f(k’, \omega’))=2(2\pi)^{2}(Dk^{2}+D_{d}k^{4})\delta$ ( $k$ $k’$ ) $\delta$ ( $\omega$ $\omega’$ ). (5)
[1, 5, 17, 19], , $u(h, \omega)$ $u^{>}(k, \omega)$ $u^{<}(k, \omega)$ .
$u^{>}(k, \omega)$ $\Lambda(l)\equiv\Lambda_{0}e^{-l}\leq|k|\leq\Lambda_{0}$ , $u^{<}(k, \omega)$ $|k|\leq\Lambda(l)$
. , $l\geq 0$ . , $f(k, \omega)$ $f^{>}(k, \omega)$ $f^{<}(k, \omega)$
. (5) , $u^{>}(k, \omega)$ (4) , $u^{<}(k, \omega)$
.
$[- \mathrm{i}\omega+\nu k^{2}+Kk^{4}+\Sigma(h,\omega)]u^{<}(k,\omega)=f^{<}(k,\omega)-\frac{\mathrm{i}\lambda}{2}k\oint_{|p|\leq\Lambda(l]}\frac{dp}{2\pi}\oint_{-\infty}^{\infty}\frac{d\Omega}{2\pi}$
$\mathrm{x}u^{<}(p, \Omega)u^{<}(k-p,\omega-\Omega)$ . (6)
, $f^{<}(k, \omega)$
$\langle f^{<}(k, \omega)f^{<}(k’, \omega’)\rangle=2(2\pi)^{2}[Dk^{2}+D_{d}k^{4}+\Phi(k, \omega)]\delta(k+k’)\delta(\omega+\omega’)$ (7)
. (6) $\Sigma(k, \omega)$ (7) $\Phi(k, \omega)$ one-loop .
$\Sigma(k,\omega)=\lambda^{2}\int_{\Lambda\langle l)\leq|p|\leq\Lambda_{0}}\frac{dp}{2\pi}f_{-\infty}^{\infty}\frac{d\Omega}{2\pi}[k(k-p)|G_{0}(p, \Omega)|^{2}G_{0}(k-p,\omega-\Omega)(Dp^{2}+D_{d}p^{4})$
$+kp|G_{0}(k-p,\omega-\Omega)|^{2}G_{0}(p, \Omega)(D(k-p)^{2}+D_{d}(k-p)^{4})]$ , (8)
$\Phi(k,\omega)=\lambda^{2}\oint_{\Lambda(l)\leq|p|\leq \mathrm{A}_{0}}\frac{dp}{2\pi}\int_{-\infty}^{\infty}\frac{d\Omega}{2\pi}k^{2}|G_{0}(p, \Omega)|^{2}|G_{0}(k-p, \omega-\Omega)|^{2}$
$\mathrm{x}(Dp^{2}+D_{d}p^{4})(D(k-p)^{2}+D_{d}(k-p)^{4})$ . (9)
, $G_{0}(k, \omega)=1/(-\mathrm{i}\omega+\nu k^{2}+Kk^{4})$ .
. , $karrow \mathrm{O},$ $\omegaarrow 0$ .
(8) (9) $\Omega$ . $\omega=0$ , (8) (9) $k^{4}$
, $\Sigma=\delta\nu k^{2}+\delta Kk^{4},$ $\Phi=\delta Dk^{2}+\delta D_{d}h^{4}$ . (3)
$\omega=-\iota/k^{2}-Kk^{4}$ , $\nu<0$ , $G_{0}(k, \omega)$
$\omega=0$ $k=0$ $k=k_{0}=(|\nu|/K)^{1/2}$ . , Go $(k, \omega)$
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. , Procaccia , $\mathrm{K}\mathrm{S}$
, $[13, 14]$ .
, $\Sigma(k, \omega)$ $\Phi(k, \omega)$ .
, $\langle$ , (8) (9) $\Lambda_{0}(1-\delta l)\leq|k|\leq\Lambda 0$ ,
[17]. $\delta\nu,$ $\delta K,$ $\delta D,$ $\delta D_{d}$ $\delta l$ 1
, $\nu^{<}\equiv\nu+\delta\nu,$ $K^{<}\equiv K+\delta K,$ $D^{<}\equiv D+\delta D,$ $D_{d}^{<}\equiv D_{d}+\delta D_{d}$ .
$\lambda$ , \lambda $\equiv\lambda$ [5].
,
. , , , $\tilde{k}=(1+\delta l)k,\tilde{\omega}=(1+z\delta l)\omega$ ,
$\tilde{u}(\tilde{k},\tilde{\omega})=[1-(\alpha+z)\delta l]u^{<}(k, \omega)$ . , $\alpha$ , $z$
. ;
$\tilde{\nu}=[1+(z-2)\delta l]\nu^{<},\tilde{K}=[1+(z-4)\delta l]K^{<},\tilde{\lambda}=[1+(\alpha+z-2)\delta l]\lambda^{<},\tilde{D}=[1+(z-2\alpha-1)\delta l]D^{<}$,
$\tilde{D}_{d}=[1+(z-2\alpha-3)\delta l]D_{d}^{<}$ . , $\sim$ ,
. $\delta larrow \mathrm{O}$ ,







, ,$\mathrm{f}\mathrm{f}\mathrm{i}\backslash \backslash \backslash ?f\mathrm{i}$ , $F(l)$ $=$ $\tilde{\nu}(l)/(\tilde{K}(l)\Lambda_{0}^{2}),$ $G(l)$ $=$ $\tilde{\lambda}(l)^{2}\tilde{D}(l)/(4\pi\tilde{K}(l)^{3}\Lambda_{0}^{7}),$ $H(l)$ $=$
$\tilde{\lambda}(l)^{2}\tilde{D}_{d}(l)/(4\pi\overline{K}(l)^{3}\Lambda_{0}^{5})$ . (10)-(14) , $F,$ $G,$ $H$ $\mathrm{R}\mathrm{G}$ flow :
$\frac{dF}{dl}=2F+\frac{G}{2(1+F)^{5}}\{6-12F+11F^{2}-F^{4}+(2+19F^{2}-8F^{3}-F^{4})\frac{H}{G}\}$ , (15)
$\frac{dG}{dl}=7G-\frac{G^{2}}{2(1+F)^{5}}\{76-7F+4F^{2}+3F^{3}+(2-71F+14F^{2}+3F^{3})\frac{H}{G}$
$-2(1+F)^{2}( \frac{H}{G})^{2}\}$ , (16)
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$\frac{dH}{dl}=5H+\frac{G^{2}}{2(1+F)^{5}}\{16+3F+F^{2}-(60+7F+6F^{2}+3F^{3})\frac{H}{G}$
$-(4-50F+19F^{2}+3F^{3})( \frac{H}{G})^{2}\}$ . (17)
; $f(l)=\overline{K}(l)\Lambda_{0}^{2}/\tilde{\nu}(l),$ $g(l)=\tilde{\lambda}(l)^{2}\tilde{D}(l)/(4\pi\tilde{\nu}(l)^{3}\Lambda_{0}),$ $h(l)=$
$\tilde{\lambda}(l)^{2}\tilde{D}_{d}(l)\Lambda_{0}/(4\pi\tilde{\nu}(l)^{3})$ . $\text{ }$ , $\overline{\nu}$ , $f(l),$ $g(l),$ $h(l)$ ,
[15]. $F(l),$ $G(l),$ $H(l)$ , $F(l)=1/f(l12G(l)=g(l)/f(l)^{3}$ ,
$H(l)=h(l)/f(l)^{3}$ .
22 $\mathrm{R}\mathrm{G}$ flow
Cuerno , (2) $D$ (1) [17]. (15), (16)
$\tilde{D}_{d}=0$ ( , $H=0$ ) , [17] (20), (19) $d=1$
. , [17] . $d=1$ ,
$(F^{*}, G^{*})=(-25.25, -722.8)$ , $z=$ ] $.46,$ $\alpha=0.54$ ) $\beta=\alpha/z=0.37$ . ,
KPZ , $z,$ $\alpha,$ $\beta$ , KPZ , 27%, 8%,
12% , $F^{*},$ $G^{*}$ , $\tilde{\nu}^{*}>0,\tilde{K}^{*}<0$ , , $\tilde{h}=(\tilde{\nu}^{*}/|\tilde{K}^{*}|)^{1/2}$
. , $\alpha=0.54$ 23
, $E(k)\propto k^{-0.08}$ , $karrow \mathrm{O}$ . , $d=1$
KPZ . , [17] $d=1$ $\mathrm{R}\mathrm{G}$ flow
, (8), (9) $parrow p+k/2,$ $\Omegaarrow\Omega+\omega/2$ $\acute{\mathrm{r}}_{\yen}^{\Xi}$ ,
. [17] , $\Lambda(l)\leq|p|\leq \mathrm{A}0$
$\Lambda(l)\leq|p+k/2|\leq\Lambda_{0}$ . ,
, $\tilde{\nu},\tilde{D}$ , [17] RG flow . , $\tilde{K}$ RG flow
. $k^{2}$ , $k^{4}$
. , $p\prec p+k/2,$ $\Omegaarrow\Omega+\omega/2$ ,
(8), (9) . , 0)
. , (15), (16) $H$ . $\mathrm{R}\mathrm{G}$ flow
$(F^{*}, G^{*})=(13.1868, 1064 43)$ , , $z=1.54,$ $\alpha=0.46,$ $\beta=0.30$
, $F^{*}$ , $\tilde{K}^{*}>0$ , [17] $\tilde{K}$ one-loop
. , , 0) KPZ
.
, (2) $D_{d}$ . ,
$(F, G)$ $(F, G, H)$ . RG flow (15)-(17) , $(F^{*}, G^{*}, H^{*})=$
(10.7593, 680652, 632614) . $z,$ $\alpha$ , $d\tilde{\nu}/dl=0,$ $d\overline{D}/dl=0$ ,
.
$z=2- \frac{G^{*}(3+F^{*})}{F^{*}(1+F^{*})^{3}}-\frac{H^{*}(1-F^{*})}{F^{*}(1+F^{*})^{3}}$ , (18)
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1 $(F, G, H)$ $\mathrm{R}\mathrm{G}$ flow (a) $(F, G)$ , (b) $(F^{\urcorner}, H)$
. , $\tilde{\nu}(0)=-1,\tilde{K}(0)=1,\tilde{\lambda}=1,\overline{D}(0)=D(D=0,0.05,2.5,20),\tilde{D}_{d}(0)=0$.
$\alpha=\frac{1}{2}\ovalbox{\tt\small REJECT}^{z-1+\frac{G^{*}}{(1+F^{*})^{3}}}(1+\frac{H^{*}}{G^{*}})^{2}\ovalbox{\tt\small REJECT}$ . (19)
$(F^{*}, G^{*}, H^{*})$ , $z=1.5,$ $\alpha=0.5,$ $\beta=1/3$ . ,
KPZ . (3) , $\lambda$ .
(12) , $\alpha+z=2$ . , $z,$ $\alpha$
.
1 , 0 $\leq l\leq 2.4$ $(F(l), G(l),$ $H(l))$
. 4 , $(-1/\Lambda_{0}^{\mathit{2}}.,0, 0)$ , $(-1/\Lambda_{0}^{2},0.05/(4\pi\Lambda_{0}^{7}),$ 0), $(-1/\Lambda_{0}^{2},2.5/(4\pi\Lambda_{0}^{7}),$ $0)$ ,
$(-1/\Lambda_{0}^{2},20/(4\pi\Lambda_{0}^{7}\rangle, 0)$ . , $\tilde{\nu}(0)=-1,\tilde{K}(0)=1,\tilde{\lambda}(0)=1,\tilde{D}(0)=D$
$(D=0,0.05,2.5,20),\overline{D}_{d}(0)=0,$ $\Lambda_{0}=\pi/\Delta x=\pi/\mathrm{O}.5$ . 3
. $(-1/\Lambda_{0}^{2},0,0)$ , $\tilde{D}(0)=\tilde{D}_{d}(0)=0$ , 3
$(F^{*}, G^{*}, H^{*})=(10.7593, 680 .652_{\dot{\mathit{1}}}63.2614)$ . , $(F(l))G(l),$ $H(l))$ $\mathrm{R}\mathrm{G}$ flow , $D$
$\langle$ KPZ . $\mathrm{K}\mathrm{S}$
, KPZ 3
. 1(a) $D=20$ , $F<0$ $F>0$ . , $\tilde{\nu}$
. $D$ , $\mathrm{R}\mathrm{G}$ How
$F$ . $l$ , $D$ , $\mathrm{R}\mathrm{G}$ flow
$F$ , , KPZ
$(F^{*}, G^{*}, H^{*})=(10.7593, 680 652, 63 2614)$ . , $D$ , KPZ
. , $\tilde{D}(0)=0$ ,
$\tilde{D}_{d}(\mathrm{O})\neq 0$ . $\tilde{D}(0)=\tilde{D}_{d}(0)=0$ , (8) $\Sigma,$ (9) $\Phi$
. , $(-1/\Lambda_{0}^{2},0,0)$ $(-\infty, 0,0)$ $\text{ }$ . $\mathrm{R}\mathrm{G}$ flow
] $F$ , KPZ .
$(f(l), g(l),$ $h(l))$ , $(-\mathrm{A}_{0}^{2},0,0)$ $\langle$0, 0, 0) .
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23
$\mathrm{K}\mathrm{S}$ , – $r\triangleright$ $u$ ,
$[5, 6]$ .
$G(k, \omega)=\frac{\langle u(h,\omega)u(k’,\omega’)\rangle}{(2\pi)^{2}\delta(k+k)\delta(\omega+\omega’)},=\frac{2(D(l)k^{2}+D_{d}(l)k^{4})}{\omega^{2}+(\nu(l)k^{2}+K(l)k^{4})^{2}}$. (20)
, $\tilde{u}$ ,
$\tilde{C}(\overline{k},\tilde{\omega})=\frac{2(\tilde{D}(l)\tilde{k}^{2}+\tilde{D}_{d}(l)\tilde{k}^{4})}{\tilde{\omega}^{2}+(\tilde{\nu}(l)\tilde{k}^{2}+\tilde{K}(l)\tilde{k}^{4})^{2}}$, (21)
. $C(k, \omega)$ C( $\tilde{\omega}$) , , $\tilde{C}(\tilde{k},\tilde{\omega})=e^{(1-2\alpha-z)l}C(k, \omega)$
. 02 , , $C(h, \omega)=k^{1-2\alpha-z}\Psi(\omega/k^{z})$ . , $\Psi(x)$
. $z=1.5,$ $\alpha=0.5$ , $C(k, \omega)=k^{-1.5}\Psi(\omega/k^{1.5})$ . ,
KS , 1+1 KPZ [1] KS
$[13, 11]$ . (20) , $u$ ,
.




$E(k)$ $\tilde{E}(\tilde{k})$ , , $\tilde{E}(\tilde{k})=e^{(l-\mathit{2}\alpha)l}E(k)$ . ,
, $E(k)\propto k^{1-2\alpha}$ . ( $F^{*},$ $G^{*},$ $H^{*}\rangle=$ (10.7593, 680652, 632614) ,
$H^{*}/G^{*}\approx 0.093,1/F^{*}\approx 0.093$ . , (23) , $\tilde{E}(\tilde{k})=\tilde{D}^{*}/\tilde{\nu}^{*}$ . , 1+1
KS , . ,
$D_{d}$ , (23) $H(l)$ . $\tilde{E}(k)$ ,
$1/F(l)\neq 0$ , $\tilde{k}$ . $\mathrm{K}\mathrm{S}$ , $u$
, $karrow \mathrm{O}$ [7, 8, 9]. $D_{d}$
, .
3 $\langle$
$\mathrm{K}\mathrm{S}$ , KPZ . Sneppen ,
$L$ , $\mathrm{K}\mathrm{S}$ [8]. , $\langle(h-\langle h\rangle)^{2}\rangle^{1/2}\sim t^{\beta}$
, $\beta=1/4$ Edward-Wilkinson KPZ
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. , , KPZ
$(F^{*}, G^{*}, H^{*})$ . , $\beta=1/3$ KPZ ,
, $\mathrm{K}\mathrm{S}$ .
KS , (1) (3)
1 . $L$
[7, 8, 9, 10]. , KS , $D$ $D_{d}$
. , $\mathrm{t}/=-1,$ $K=1,$ $\lambda=1$ (1) ,
$W(\text{ }=\langle[h(x, t)-\langle h(x, t)\rangle]^{2}\rangle^{1/2}$ . $D\neq 0,$ $D_{d}=0$ $D=0,$ $D_{d}\neq 0$
, , $D\neq 0,$ $D_{d}=0$ . ,
[15]. $\Delta x=0.5,$ $\Delta t=0.005$ , Heun . Sneppen
, $\Delta x=1,$ $\Delta t=0.1$ , Euler . , $h(x, 0)=0$ .
2 , $L=200,000$ $\mathrm{K}\mathrm{S}$ $W(t)$ . 3
. , $D=0.1$ $0<t<0.5$ , $t>0.5$
$\mathrm{K}\mathrm{S}$ . $W(t)$ , $W(t)$
$t^{1/4}$ . $W(t\rangle$ , KPZ
, $t\sim 50,000$ 029 ,
1/3 . , , $\beta=1/3$ KPZ $\mathrm{K}\mathrm{S}$
.
3 , $L=20,000$ , $D=0,0.05,2.5,20$ $\mathrm{K}\mathrm{S}$ $W(t)$
. 10 .
, $W(f)$ . , . $D=0$
, 1/4 ,
.
, $50<t<2000$ , $\beta=0.248$ . $D=0.05$ ,




3 $L=20,000$ , $D=0,0.05,2.5,20$ $\mathrm{K}\mathrm{S}$ $W(t)$ .
$\beta=0.3$ . $D=20$ , , $50<t<2000$
$\beta=0.316$ . KPZ $\beta=1/3$ . [ $8$
$\sim$
, $W(t)/t^{\beta}$ $\beta$ , $D=0$ $\beta\sim 0.25,$ $D=20$ $\beta\sim 0.315$
. , 2 . , KPZ
. 2
, $\mathrm{K}\mathrm{S}$ ($D=D_{d}=0$ ) RG
flow KPZ . , $D=D_{d}=0$ , $\mathrm{R}\mathrm{G}$ flow 1
$F$ , KPZ . , $D=D_{d}=0$ $\mathrm{R}\mathrm{G}$ flow
,





. , , $\mathrm{K}\mathrm{S}$
. , 1+1 $\mathrm{K}\mathrm{S}$ ,
KPZ .
$\mathrm{K}\mathrm{S}$ KPZ
, RG Flow , $\mathrm{K}\mathrm{S}$
, ,
, ,
. . , ,
,
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